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Abstract
The symmetry energy coefficients in finite nuclei have been studied systematically with a co-
variant density functional theory (DFT) and compared with the values calculated using several
available mass tables. Due to the contamination of shell effect, the nuclear symmetry energy coef-
ficients extracted from the binding energies have large fluctuations around the nuclei with double
magic numbers. The size of this contamination is shown to be smaller for the nuclei with larger
isospin value. After subtracting the shell effect with the Strutinsky method, the obtained nuclear
symmetry energy coefficients with different isospin values are shown to decrease smoothly with the
mass number A and are subsequently fitted to the relation
4asym
A
=
bv
A
−
bs
A4/3
. The resultant
volume bv and surface bs coefficients from axially deformed covariant DFT calculations are 121.73
and 197.98 MeV respectively. The ratio bs/bv = 1.63 is in good agreement with the value derived
from the previous calculations with the non-relativistic Skyrme energy functionals. The coefficients
bv and bs corresponding to several available mass tables are also extracted. It is shown that there
is a strong linear correlation between the volume bv and surface bs coefficients and the ratios bs/bv
are in between 1.6− 2.0 for all the cases.
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I. INTRODUCTION
The advent of radioactive ion beams (RIBs) [1, 2] provides a useful tool for studying
exotic nuclei far from the β-stability. Hitherto, RIBs have already disclosed many structure
phenomena in nuclei with extreme isospin values, and the next generation of radioactive-
beam facilities are expected to produce more and more exotic nuclei [3–9]. These exotic
nuclei provide us useful information on the equation of state (EOS) of asymmetric nuclear
matter, which has not been well determined but is important for understanding both the
structure of unstable nuclei and the properties of neutron stars. One of the most important
quantities is the nuclear symmetry energy, which affects significantly the binding energy and
radii of neutron-rich nuclei [10]. Furthermore, the chemical composition, the evolution of
lepton profiles, cooling process and the neutrino fluxes in neutron stars depend strongly on
the nuclear symmetry energy [11, 12].
Many investigations have already been carried out to study the density and isospin de-
pendence of symmetry energy for nuclear matter [13–15]. The EOS for asymmetric nuclear
matter has a general parabolic form
E
A
(ρ, β) =
E
A
(ρ) + Esym(ρ, 0)β
2 + O(β2) with baryon
density ρ = ρn + ρp, isospin asymmetry β = (ρn − ρp)/ρ, and nuclear symmetry energy
coefficient Esym(ρ) =
1
2!
∂2E(ρ, β)
∂β2
|β=0. Near the nuclear saturation density, the Esym(ρ) has
a strong influence on the neutron density distribution and thus on the neutron skin in stable
and exotic nuclei. Previous studies have demonstrated that the neutron skin size can yield
information on the derivative of symmetry energy with respect to density [16–21].
In recent years, the extraction of symmetry energy from finite nuclei has attracted much
attention. According to the semi-empirical mass formula of liquid drop model (LDM), the
symmetry energy in finite nuclei is proportional to the square of the difference between
neutron and proton numbers. However, recent studies indicate that the symmetry energy
is more reasonable to be parameterized as Esym ∼ T (T + c) with T = |N − Z|/2 [22]. The
empirical fits in Ref. [23] show a clear preference for c = 1. The fits with either c = 0 as in
the LDM, or with c = 4 as in the Wigner SU(4) symmetry are disfavored. Similar conclusion
has also been reached in Ref. [24]. Later on, the symmetry energy of finint nuclei has been
examined with several microscopic models, including the Hartree-Bogoliubov approach with
random phase approximation [25], and energy density functional (EDF) of Skyrme force [26]
or the relativistic meson-exchange interaction [27], all of which favor c = 1 as well.
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On the other hand, it has been shown that the surface tension needs to depend on
asymmetry. This dependence modifies the surface energy and implies the emergence of
asymmetry skin [13]. It was pointed out that the surface symmetry term was required
in the symmetry energy coefficient, namely,
4asym
A
=
bv
A
−
bs
A4/3
, in order to describe the
energies of light asymmetric nuclei at the level similar to the other nuclei. Its physical
origin is traditionally explained in terms of the kinetic energy and mean isovector potential
contributions respectively [28]. In the previous studies, the ratio of the surface-to-volume
contributions to the symmetry energy coefficient rS/V (≡ bs/bv) has been estimated from
the electric dipole strength distribution using the hydrodynamical model [29], or from the
experimental masses [30–33], mass and radii [13, 34], or the excitation energies of isobaric
analog states [35]. Recently, an attempt has also been made to extract symmetry energy
and the ratio rS/V from the separation energies through the displacement of neutron and
proton chemical potentials [36].
The density functional theory (DFT) in nuclear physics is nowadays the most important
microscopic approach for large-scale nuclear structure calculations in medium-heavy and
heavy nuclei and it has been successfully employed for the description of nuclei around
and far from the β-stability [37]. In the framework of DFT [38], the LDM parameters
and effective symmetry energy coefficient were extracted for nuclei with huge numbers of
nucleons, of the order of 106. In the mean time, the systematical extraction of symmetry
energy coefficient from realistic finite nuclei, for which, the surface energy term is important,
was carried out based on several non-relativistic Skyrme EDFs [39], where the global mass
dependence of symmetry energy coefficient was studied by switching off the Coulomb and
pairing effects. It has been found that the ratio of the surface-to-volume contributions to
the symmetry energy coefficient, rS/V (≡ bs/bv) is around 1.6, which is consistent with the
value of Ref. [32], but much different from the estimation 2.0 ≤ rS/V ≤ 2.8 in Ref. [13].
However, the recent careful study with the considerations of Coulomb interaction and shell
effect in Ref. [40] shows that this ratio could be quite different for different Skyrme forces,
for instance, rS/V = 1.2 for BSk6, 1.7 for SkM*, and 2.2 for SkI3.
In the past decades, nuclear covariant DFT has achieved comparable success with the non-
relativistic DFT in the description of ground state properties of both spherical and deformed
nuclei all over the nuclear chart [41–44]. In particular, there are many advantages using the
EDF with manifest covariance, including natural inclusion of the nucleon spin degree of
3
freedom, automatical emergence of nuclear spin-orbit potential, an unique parametrization
of time-odd components (nuclear currents and magnetism) in nuclear mean-field as well as
the natural saturation mechanism for nuclear matter.
In recent several years, the covariant DFT theory with point-coupling interaction has
attracted much more attention. It shows great advantages in the extension for nuclear low-
lying excited states by using projection techniques [45], generator coordinate methods [46–49]
and collective Hamiltonian [50]. In this framework, the PC-PK1 set [51] was proposed most
recently by fitting to the binding energies of 60 selected spherical nuclei and the charge radii
of 17 selected spherical nuclei from O to Pb isotopes. The success of PC-PK1 has been
illustrated in the description of infinite nuclear matter and finite nuclei for both ground-
state and low-lying excited states. Furthermore, the PC-PK1 provides a good description
for the isospin dependence of nuclear binding energy along either isotopic or isotonic chain,
which is particular important for description of nuclear symmetry energy in finite nuclei. In
view of these facts, in this paper, we will study the symmetry energy coefficient of realistic
finite nuclei systematically using both spherical and axially deformed RMF approaches with
the PC-PK1 covariant EDF, where the shell correction energy will be subtracted using the
Strutinsky method [52]. The obtained symmetry energy coefficient will be compared with
those extracted from the binding energies of several available mass tables. Compared with
our previous work with the PK1 effective interaction [53], in this work, we make a lot
of improvements, including the consideration of shell correction energy, axial deformation,
pairing correlation and Coulomb interaction in the RMF calculations, which might have
influences on the extracted symmetry energy of realistic nuclei.
The paper is organized as follows. In Sec. II we briefly describe the method used to
extract the nuclear symmetry coefficient in finite nuclei. The results and discussion will be
given in Sec. III. Finally, a summary is presented in Sec. IV.
II. THE METHOD
A. The relativistic mean-field approach with point-coupling interaction
The relativistic mean-field (RMF) approach with point-coupling interaction for nucleons
has been described in detail in Refs. [45, 51]. Here, we present only the outline of this
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approach. It starts from the following Lagrangian density,
L = ψ¯(iγµ∂
µ −m)ψ
−
1
2
αS(ψ¯ψ)(ψ¯ψ)−
1
2
αV (ψ¯γµψ)(ψ¯γ
µψ)
−
1
2
αTV (ψ¯~τγµψ)(ψ¯~τγ
µψ))
−
1
2
δS∂ν(ψ¯ψ)∂
ν(ψ¯ψ)−
1
2
δV ∂ν(ψ¯γµψ)∂
ν(ψ¯γµψ)
−
1
2
δTV ∂ν(ψ¯~τγµψ)∂
ν(ψ¯~τγµψ)
−
1
3
βS(ψ¯ψ)
3 −
1
4
γS(ψ¯ψ)
4 −
1
4
γV [(ψ¯γµψ)(ψ¯γ
µψ)]2
−
1
4
F µνFµν − eψ¯γ
µ1− τ3
2
ψAµ, (1)
which contains 9 coupling constants αS, αV , αTV , βS, γS, γV , δS, δV and δTV . The subscripts
indicate the symmetry of the couplings: S stands for scalar, V for vector, and T for isovector,
while the symbol refer to the additional distinctions: α refers to four-fermion term, δ to
derivative couplings, and β and γ to the third- and fourth-order terms, respectively.
Using the mean-field approximation and the “no-sea” approximation, one finds the energy
density functional corresponding to the Lagrangian density (1). Minimization of the energy
density functional with respect to ψ¯k gives rise to the Dirac equation (i.e., Kohn-Sham
equation) for the single nucleon wave function ψk,
[γµ(i∂
µ − V µ)− (m+ S)]ψk = 0. (2)
The single-particle effective Hamiltonian contains local scalar S(r) and vector V µ(r) poten-
tials
S(r) = ΣS, V
µ(r) = Σµ + ~τ · ~ΣµTV , (3)
where the nucleon scalar-isoscalar ΣS, vector-isoscalar Σ
µ and vector-isovector ~ΣµTV self-
energies are given in terms of the various densities and currents,
ΣS = αSρS + βSρ
2
S + γSρ
3
S + δS△ρS, (4a)
Σµ = αV j
µ
V + γV (j
µ
V )
3 + δV△j
µ
V + eA
µ, (4b)
~ΣµTV = αTV~j
µ
TV + δTV△~j
µ
TV . (4c)
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The local densities and currents are defined by,
ρS(r) =
∑
k
v2kψ¯k(r)ψk(r), (5a)
jµV (r) =
∑
k
v2kψ¯k(r)γ
µψk(r), (5b)
~jµTV (r) =
∑
k
v2kψ¯k(r)~τγ
µψk(r), (5c)
where the summation
∑
k
runs over only positive-energy states with the occupation proba-
bilities v2k.
For ground state of an even-even nucleus one has time reversal symmetry. The space-like
components of the currents and the spatial part of the vector potential vanish. Moreover,
because of charge conservation in nuclei, only the 3rd-component of isovector potential ~ΣµTV
contributes. The Coulomb field A0 is determined by Poisson’s equation.
Pairing correlations between nucleons are treated in the BCS approximation, where the
density-independent δ-force is used in the particle-particle channel. Therefore, the nuclear
total energy is contributed from both particle-hole and particle-particle channels. Moreover,
the center-of-mass (c.m.) correction to the total energy is taken into account microscopically,
Emiccm = −
1
2mA
〈Pˆ 2cm〉, (6)
where m is the mass of nucleon, and A is mass number. Pˆcm =
∑A
i pˆi is the total momentum
in the c.m. frame.
B. Extraction of symmetry energy coefficient
In the conventional semi-empirical mass formula of LDM for the binding energy of nuclei,
the symmetry energy is given in terms of the isospin value T [52],
Esym(A, T ) =
4asym
A
(A, T )T 2, (7)
where A is the mass number.
4asym
A
(A, T ) represents the symmetry energy coefficient. The
isospin value T is given by |T | = |N − Z|/2. Recent microscopic studies [23, 25–27, 54]
with the consideration of nuclear Wigner energy showed that the nuclear symmetry energy
is more proper to relate the isospin value T by the following relation,
Esym(A, T ) =
4asym
A
(A, T )T (T + 1). (8)
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On the other hand, according to the mass formula of LDM, the difference between binding
energies of isobaric nuclei with the same odd-even parity is only related to the Coulomb
energy and symmetry energy terms,
B(A, T )− B(A, 0) = ECoul.(A, T )− ECoul.(A, 0) + Esym(A, T )− Esym(A, 0), (9)
where B(A, 0) is the total binding energy of N = Z isobaric nucleus with the mass number
A. Subsequently, the nuclear symmetry energy in Eq.(8) is simply determined by subtracting
the contribution of Coulomb energy from the nuclear total binding energy as,
Esym(A, T ) = [B(A, T )−B(A, 0)]− [ECoul.(A, T )− ECoul.(A, 0)]. (10)
Combining Eqs.(8) and (10), one can determine the value of symmetry energy coefficient if
one knows the total binding energy and Coulomb energy of the concerned nucleus. The shell
correction energy can contaminate the symmetry energy obtained in this way and therefore
should be subtracted from the binding energy.
III. RESULTS AND DISCUSSION
In the RMF calculations, we adopt the recent parameterized relativistic point-coupling
interaction PC-PK1 [51], which has been adjusted to the binding energies and charge radii of
spherical nuclei from O to Pb isotopes. With the restriction of spherical/axial symmetry, the
Dirac equation for nucleons is solved by expanding the Dirac spinor ψk on a set of harmonic
oscillator basis with 20/16 shells. Pairing correlations between nucleons are treated with
the BCS approximation using a density-independent δ force. The pairing strengths have
been adjusted to fit the average neutron pairing gaps in 122Sn, 124Sn 200Pb and the average
proton gaps in 92Mo, 136Xe, and 144Sm. More details about the numerical calculations can
be found in Ref. [51].
Figure 1 displays the nuclear symmetry energy coefficient for finite nuclei with 8 ≤ Z ≤ 70
and T = 2, 4, · · · , 12 from the spherical RMF calculations with effective interaction PC-
PK1 [51] as a function of the corresponding mass number A. The filled (open) symbols
represent the values with (without) taking into account the shell correction energies that
are calculated with the Strutinsky method [52]. It shows clearly that due to the contam-
ination of shell correction energy, the resultant nuclear symmetry energy coefficients have
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FIG. 1: The nuclear symmetry energy coefficients for finite nuclei with 8 ≤ Z ≤ 70 and T =
2, 4, · · · , 12 in the spherical relativistic mean-field calculations with effective interaction PC-PK1
as functions of the corresponding mass number A. The filled (open) symbols represent the values
with (without) taking into account the shell correction.
large fluctuations around the nuclei with double magic numbers. Moreover, the amplitude
of these fluctuations decreases with the isospin value T . It indicates that the symmetry
energy becomes less sensitive to the shell effect for the nuclei with larger isospin value T .
After subtracting the shell effect energy evaluated with the Strutinsky method, the obtained
nuclear symmetry energy coefficients are smoothly decreasing with the mass number A.
Furthermore, the nuclear symmetry energy coefficients are calculated using the binding
energy of nuclei with T = 2, 4, · · · , 10 from several available mass tables, including the
“DZ28” [54], “FRDM” [32], “HFB17” [55], “RMF(TMA)” [56], “ETFSIQ” [57] as well as
the experimental data “Audi03” [58]. In the calculations, we take the Coulomb energy
ECoul.(A, T ) of a specific nucleus as the value of an uniformly charged droplet, i.e.,
ECoul.(A, T ) =
3
5
Z2e2
Rc
[1−
5
4
(
3
2π
)2/3
1
Z2/3
], Rc = 1.2A
1/3. (11)
Figure 2 shows the resultant symmetry energy coefficient from different mass tables as a
function of the mass number A. Since the shell effect is not subtracted from the binding
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FIG. 2: The nuclear symmetry energy coefficient for finite nuclei with T = 2, 4, · · · , 10 respectively
in different mass tables as a function of the corresponding mass number A.
energies of these mass tables, similar fluctuation as those in Fig. 1 (open symbols) is observed
in Fig. 2.
The symmetry energy coefficient of finite nucleus with mass number A is usually param-
eterized as follows,
4asym
A
=
bv
A
−
bs
A4/3
. (12)
In Ref. [54], it was found that bv = 134.4, bs = 203.6 MeV, while in Ref. [27], the axial RMF
calculations with the PK1 [59] interaction for the A = 40, 48, 56, 88, 100, 120, 140, 160, 164,
and 180 isobaric chains gave bv = 133.2 and bs = 220.3 MeV. We note that in Ref. [27], the
Coulomb interaction between protons was switched off and the contamination of shell effect
was not considered in the calculations. Since the shell effect in nuclear symmetry energy
coefficient is much weaker for high isospin value as shown in Fig. 1 and Fig. 2, we perform
a global fit of the symmetry energy coefficients to the relation (12) via the Levenberg-
Marquardt method. Considering the limited experimental data for nuclei with T = 10, the
corresponding experimental value “Audi03” extracted from the finite nuclei with T = 8 is
also shown in Fig. 3. The obtained bv and bs values, together with the standard root-mean-
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FIG. 3: The nuclear symmetry energy coefficient extracted from finite nuclei with T = 10 in
different mass tables. The optimal values of volume coefficient bv and surface coefficient bs fitted
to the relation (12) and the corresponding standard root-mean-square errors σ are presented. The
shade area indicates the
4asym
A
± 1σ, where
4asym
A
is calculated using the corresponding optimal
values of bv and bs.
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FIG. 4: The surface coefficient bs as a function of the volume coefficient bv. The shade area indicates
the empirical value of bv = 128 ± 16 (MeV) for infinite nuclear matter (see text for details).
10
square errors σ are presented. The small σ value indicates the good quality of the fits. The
resultant volume coefficient bv and surface coefficient bs are plotted in Fig. 4, where the shade
area indicates the empirical value of bv = 128 ± 16 MeV (corresponding to asym = 32 ± 4
MeV for infinite nuclear matter). In addition, the values of bv and bs from the axial RMF
calculations with the PK1 [59] effective interactions (labeled as “PK1”) from Ref. [27], as
well as the spherical/axial RMF calculations with the PC-PK1 effective interaction (labeled
as “PC-PK1(S)/PC-PK1(A)”) from this work are plotted for comparison. It is shown that
all the obtained bv values are in good agreement with the empirical value, except the case
of spherical RMF calculations with the PC-PK1 interaction, which gives bv = 104.25 and
bs = 132.38 MeV. After taking into account the effect of axial deformation, the obtained bv
value of “PC-PK1(A)” agrees well with the empirical value, with bv = 121.73 and bs = 197.98
MeV respectively. The ratio rS/V = 1.63 is in good agreement with the value derived from the
previous calculations with the non-relativistic Skyrme energy functionals [39]. Furthermore,
it is shown in Fig. 4 that there is a strong linear correlation (by the relation bs = 3.28bv−218
MeV) between the volume bv and surface bs coefficients in the symmetry energy coefficient
of finite nucleus, which is consistent with the results in Ref. [34].
Furthermore, we fit the values of bv and bs to the symmetry energy coefficients using the
binding energies of nuclei in different mass tables corresponding to smaller values of isospin,
i.e., T = 6 and 8. Figure 5 displays the obtained bv and bs as functions of the isospin
value. It is shown that except the “ETFSIQ”, the obtained bs and bv change slowly with the
isospin value and have the tendency to be convergent at T = 10, which is consistent with
the observation in Fig. 2.
In Fig. 6, we plot the surface coefficient bs and the surface-to-volume ratio rS/V extracted
from the binding energies of finite nuclei with T = 6, 8, 10 as functions of the volume
coefficient bv. It is shown that all the bs and bv are linearly correlated. The ratios rS/V
of all cases, except “ETFSIQ”, are in between 1.6 and 2.0, which is consistent with the
values from the hydrodynamical model calculation [29], the Skryme-Hartree-Fock (SHF)
model calculation in Ref. [39] as well as the result rS/V ≃ 1.7 derived from the shift of
neutron-proton chemical potentials for nuclei beyond the β-stability line with A ≥ 50 [36].
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FIG. 5: The optimal values of volume bv and surface bs coefficient, fitted to the relation (12) of
nuclear symmetry energy coefficient for finite nuclei with T = 6, 8, 10 in different mass tables.
IV. SUMMARY
The symmetry energy coefficient in finite nuclei have been studied systematically in the
RMF approach with the point-coupling effective interaction PC-PK1 and compared with the
values calculated using the several available mass tables. Due to the contamination of shell
effect, the resultant nuclear symmetry energy coefficients have large fluctuations around the
nuclei with double magic numbers. This shell effect in symmetry energy coefficient is less
important for the nuclei with larger isospin value. After subtracting the shell effect with
the Strutinsky method, the obtained nuclear symmetry energy coefficients have been shown
to decrease smoothly with the mass number A. Moreover, the symmetry energy coefficients
have been fitted to the relation
4asym
A
=
bv
A
−
bs
A4/3
. The resultant volume bv and surface bs
coefficients from axially deformed calculations are 121.73 and 197.98 MeV respectively. The
ratio rS/V = 1.63 is in good agreement with the value derived from the previous calculations
with the non-relativistic Skyrme energy functionals in Ref. [39]. The coefficients bv and bs
corresponding to several available mass tables have also been extracted. It has been shown
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FIG. 6: The surface coefficient bs and the surface-to-volume ratio rS/V (≡ bs/bv) extracted from the
binding energies of finite nuclei with T = 6, 8, 10 in different mass tables as functions of the volume
coefficient bv. The results of axial RMF calculations with the PC-PK1 and PK1 interactions are
given as well. The dashed lines indicates the values from the hydrodynamical model calculation [29]
and the SHF model calculation [39]. The shade area indicates the estimation in Ref. [13].
that there is a strong linear correlation between the volume bv and surface bs coefficients,
which is consistent with the results of previous study [34]. Moreover, the ratios rS/V have
been shown in between 1.6− 2.0 for all the cases.
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